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STRANGE DUALITY BETWEEN HYPERSURFACE AND COMPLETE 

INTERSECTION SINGULARITIES 


WOLFGANG FEELING AND ATSUSHI TAKAHASHI 

Abstract. G.T.G. Wall and the first author discovered an extension of Arnold’s strange 
duality embracing on one hand series of bimodal hypersurface singularities and on the 
other, isolated complete intersection singularities. In this paper, we derive this duality 
from the mirror symmetry and the Berglund-Hiibsch transposition of invertible polyno¬ 
mials. 


Introduction 

During his classification of hypersurface singularities, Arnold observed a strange 
duality between the 14 exceptional unimodal singularities. C.T.C. Wall and the first 
author [EWj discovered an extension of this duality embracing on one hand series of 
bimodal singularities and on the other, isolated complete intersection singularities (ICIS) 
in The duals of the complete intersection singularities are not themselves singularities, 
but are virtual {k = —1) cases of series (e.g. Wi^k : /c > 0) of bimodal singularities. They 
associated to these well-defined Coxeter-Dynkin diagrams and Milnor lattices and showed 
that all numerical features of Arnold’s strange duality continue to hold. 

The objective of this paper is to derive this extended strange duality from the mirror 
symmetry and the Berglund-Hiibsch transposition of invertible polynomials. The bimodal 
series start with singularities with /c = 0 (e.g. lUi^o)- They can be given by polynomials 
with two moduli. Setting one of the moduli equal to zero, one is left with a one-parameter 
family of weighted homogeneous polynomials. It is natural from the mirror symmetry view 
point to expect that adding one monomial to an invertible polynomial is dual to having 
another C*-action on the dual polynomial, which leads to our duality between virtual 
singularities and complete intersection singularities. 

We shall proceed as follows. We first classify the non-degenerate invertible polyno¬ 
mials with a Z/2Z-action. They are defined by certain 3 x 3-matrices. Then we shall 
classify the possibilities to extend such a 3 x 3-matrix to a certain 4 x 3-matrix satisfying 
certain conditions. Such a matrix defines a polynomial i{x,y,z) with four monomials 
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with a non-isolated singularity. We shall consider the Berglund-Hiibsch transpose of this 
polynomial. The kernel of the transpose 3 x 4-matrix dehnes a C*-action on the space 
and this matrix and the degree 0 polynomials define a complete intersection singularity 
in as the zero set of two polynomials. 

Following |ETlj . we consider the polynomial ^{x,^|,z) — xyz. Under certain condi¬ 
tions, there is a coordinate transformation which transforms this polynomial to a polyno¬ 
mial h(a;, y, z) —xyz, where h is again a polynomial with four monomials, but now has an 
isolated singularity at the origin. We call this a virtual singularity. The polynomial h is no 
longer weighted homogenous but its Newton polygon at inhnity has two two-dimensional 
faces. We thus obtain a duality between the virtual hypersurface singularities and com¬ 
plete intersection singularities. 

We show that this duality has the features of Arnold’s strange duality. Namely, 
we associate Dolgachev and Gabrielov numbers to the polynomials h and the equations 
dehning the complete intersection singularities generalizing the approach of [ETlj . It 
turns out that the Dolgachev numbers of the polynomial h are the Gabrielov numbers 
of the pair of polynomials dehning the complete intersection singularity and vice versa, 
the Gabrielov numbers of the polynomial h are the Dolgachev numbers of the pair of 
polynomials dehning the complete intersection singularity. Moreover, we show that the 
reduced zeta function of the monodromy at inhnity of a virtual singularity coincides with 
the product of the Poincare series of the coordinate ring of the dual complete intersection 
singularity and a polynomial encoding its Dolgachev numbers. 

As an example we consider those singularities with Gorenstein parameter being 
equal to 1. In this way, we recover precisely the virtual singularities of the bimodal 
series and the extension of Arnold’ strange duality found in |EW] . Finally, we construct 
Goxeter-Dynkin diagrams for the virtual bimodal singularities and show that they can be 
transformed to graphs which have the same shape as in the exceptional unimodal case 
used in Gabrielov’s original dehnition of the numbers now named after him. 

1. Invertible polynomials 

We recall some general dehnitions about invertible polynomials. 

Let f{xi, ..., Xn) be a weighted homogeneous polynomial, namely, a polynomial with 
the property that there are positive integers Wi,... ,Wn and d such that /(A^’Wi,..., X^^Xn) 
A'’*/(xi,..., Xn) for A G C*. We call (wi,..., Wn] d) a system of weights. 

Definition. A weighted homogeneous polynomial f{xi,... ,Xn) is called invertible if the 
following conditions are satished: 
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(i) the number of variables (= n) coincides with the number of monomials in the 
polynomial f{xi,... Xn), namely, 

n n 

f{xi ,..., Xn) = ^ Oj JJ xf^ 

i=l j=l 

for some coefficients a* G C* and non-negative integers Eij for i,j = 1,... ,n, 

(ii) a system of weights (tci,..., Wn] d) can be uniquely determined by the polynomial 
/(xi,..., Xn) up to a constant factor gcd(tci ,... ,Wn',d), namely, the matrix E := 
{Eij) is invertible over Q. 

An invertible polynomial is called non-degenerate, if it has an isolated singularity at the 
origin. 


Without loss of generality we shall assume that det E > 0. 

An invertible polynomial has a canonical system of weights Wf = {wi,... ,Wn,d) 
given by the unique solution of the equation 


(w,\ 


E 


= det{E) 


\WnJ 


/i\ 


Vi 


, d := det{E). 


This system of weights is in general non-reduced, i.e. in general Cf 

1 . 


gcd(wi, ...,Wn,d)> 


Definition. Let /(xi,..., Xn) = ^e an invertible polynomial. Consider 

the free abelian group ©"^j^Zx) © Z/ generated by the symbols x) for the variables Xj 
for i = 1,..., n and the symbol / for the polynomial /. The maximal grading Tj of the 
invertible polynomial / is the abelian group dehned by the quotient 

n 

Lf := Zx) © Z/*/ If , 

i=l 

where //is the subgroup generated by the elements 

n 

f-^EijXj, i = l,...,n. 

j=i 

Definition. Let /(xi,..., Xn) be an invertible polynomial and L/ be the maximal grading 
of /. The maximal abelian symmetry group G/ of / is the abelian group dehned by 

Gf := Spec(CL/), 
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where CLf denotes the group ring of Lj. Equivalently, 


G^=<'(Ai,...,A0e(C7 

Moreover, we dehne 




Eij 

i 


i=i 


UK 

i=i 


~ I ('^1’ • • • ’ ^ ^ 


/ 




El 


3 _ _ 


UK 


= 1 


j=i i=i 

Let f{xi ,..., Xn) be an invertible polynomial and Wj = {wi ,..., Wn', d) be the canon¬ 
ical system of weights associated to /. Set 

Wi . 

9 ,:=^. 1 = 1,...,n. 

Note that Gf always contains the exponential grading operator 

go := (exp(27r\/^gi),..., exp(27rV^g„)). 

Let Go be the subgroup of Gf generated by go- One has (cf. |ET2] ) 

|G/ : G„1 = Cf. 


Let f{xi,... ,Xn) = 11^=1 t)e an invertible polynomial. Following [BH] . the 

Berglund-Hubsch transpose of /(xi,..., x„) of / is dehned by 


n n 


/(xi,...,x„) = 




Xf 


i=l j=l 


By |BHej . for a subgroup G C G/ its dual group G is dehned by 

G := Hom(G//G,C*). 

Note that Hom(G//G, C*) is isomorphic to Gj, see |BHe] . By |Kr] . we have 

Go = SL„(Z) n Gj. 

Moreover, by |ET21 Proposition 3.1], we have |Go| = c/. 

2. Invertible polynomials with a Z/2Z-action 

Let f{x,y,z) be a non-degenerate invertible polynomial with [Gf : Go] = 2. We 
shall now classify the non-degenerate invertible polynomials with such a group action. 


Proposition 1. There are the following non-degenerate invertible polynomials f{x,y,z) 
with [Gf : Go] = 2. We list the possible types and the conditions. The coordinates are 
chosen so that the action of Go = TLjTL on f is given by {x,y,z) ha (—x, —y,z). 

I: /(x, I/, z) = x^i -f _|- zP3 ■ even, 
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IIA: f{x, y, z) = p 2 odd, P 3 /P 2 even, 

IIB: f{x, y, z) = x^^ + y^^ + yz^^^^^; pi,p 2 even, 

III: f{x, y, z) = x‘^^~^^y + + z^^^; q 2 , qs even, 

P2 £3 

IV: f{x, y, z) = x^^ + xy^i + yz^^ ; p 2 /pi even, pi odd. 

Proof. This follows by inspection of |ETlt Table 1]. □ 

Let Go be the snbgroup of Gj defined by the commntative diagram of short exact 
seqnences 

{1}-^ Go-^ Go-^ C*- 9 - {1} 

{ 1 } { 1 } 

Let Lq be the qnotient of Lj corresponding to the subgronp Gq of Gj. 

We shall now classify 4 x 3-matrices E = snch that 

Zf © Zy © ZT© z// {Eiix + Ei2y + Ei^z = f,i = I,... ,A) = Lq 

and C(_p,Go) := [(-^”^(0)\{0})/Go], where F := XlLi is a smooth projective 

line with 4 isotropic points whose orders are ai, 0 : 2 , as, 0 : 4 , where A(jgo) = (<^ 1 ) (^ 2 , as, a^) 
are the Dolgachev nnmbers of the pair (/, Go) defined in |ET2j . for general ai, 02 , 03 , 04 . 


Proposition 2. The possible matrices E are classified into the following types up to a 
permutation of the rows. The matrices are described by the corresponding polynomials E. 

Pi P2 

I: aix^^ + 02?/^^ + asz^^ + 042;^ y^ 

El P2 + 1 ^3 

IIA: aix^^ + a 2 xyP 2 + asz^^ + a 4 ,x 2 y^P 2 

P3 p-^ P2 

IIB: + a 2 y^^ + asyzp^ + 042;” y~ 

IIB^ : [p2 = 2 ) aix 2^2+ a2y + asyz 2 + 042; 2 y 

III: aix'^^^^y + a 2 xy^^^^ + asz'^^ + a^x^^^y^^^ 

P2 P3 Pi + 1 _P2_ 

IV: + a 2 xypi + asyz^^ + 042:^“ y^pi 

tl / D \ Pi~i El c\ El Pi+i 

IV» ; (^£2 _ 2j ai2;“2— 2 ;p2 + a2xy + asyzp^ + 04 ^“^y 


Proof. We only give the proof for the case IIB which is the most difficnlt one. The other 
cases are easier and are treated analogously. 

In the case IIB, the group Lf is the quotient of the abelian group Z 2 :©Z^©ZT©Z/ 
given by the relations pix = p 2 y = y + = f and Lq is given by the additional relation 


Pi ^ P2 ^ 
—X = —y 
2 2 


( 2 . 1 ) 
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We derive from these relations the relation 


(P2 - l)f = —z. 

P2 


( 2 . 2 ) 


(1) We hrst classify all monomials which can appear in F. Snppose a monomial 
x°‘y^ appears. Then we mnst have 

^ V pi^ P2^ 

ax + by = f = —x + —y. 


From this we get 


Pi 


— a]X = [b — 


P2 


By Relation fl2.ip there mnst exist an integer c snch that 


Bnt 


Pi Pi , , P2 P2 

- a = —c and b -= —c. 

2 2 2 2 


^(1 — c) = a > 0 and ^(c + 1 ) = 6 > 0 . 


This implies c = —1, 0,1. Therefore we obtain the possibilities 


PI P2 

x^y^ ,y^'^ or x'' 


In a similar way, nsing the relation fl2.2p . we can derive the possibilities 

P3 

y^"^, yzP 2 or (if p 2 = 2 ) 

Now snppose that a monomial x°'z^ appears. Then 

ax + bz = j = y -\ -z. 

P2 

From this it follows that y = cx for some positive integer c since y + ^z = / is the only 
relation involving z. Relation fl2.ip implies p 2 = “2, y = ^-x and 


^ Pi ^ 

ax F bz = —X + —z. 


This yields the possibilities 


x^^,x^^ z^ (if p 2 = 2 ) or z^^ (if p 2 = 2). 

Finally one can derive that there are no monomials of the form x°‘y^z'^ with a, 6 , c > 0. 

(2) Therefore, if p 2 7 ^ 2, we only obtain the possibility 

P 3 Pi P2 

F{x, y, z) = aix^^ + 02 ?/^^ + a^yz^^ + 040 ;“ y~. 

If P 2 = 2 we obtain several possibilities. In this case we have to consider the system of 
weights for Gq 

'n PP^ Pi. PlP3 \ 

2 ’ 4 ’ 2 ’ 2 ) 
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and the Dolgachev numbers of the pair (/, Gq) given by |ET2] 

. _ fPi P3 Ps Pi\ 

if,Go) 2 ’ 2 ’ 2 ’ 2 / 

In order to obtain the same Dolgachev numbers for F, F{1, 0, z) must be non-zero if z 7 ^ 0. 
Therefore the polynomial F must contain 3 monomials involving y. This leaves us with 
the only additional possibility 

Pi P3 o P3 Pi 

F{x, y, z) = aix~z~ + a 2 y + a 3 yz~ F aiX~y. 

□ 


We associate to these matrices a pair of polynomials as follows. We observe that the 
kernel of the matrix E'^ is either generated by the vector (1,1, 0, —2)^ or by the vector 
(1,1, —1, —1)^. The second case occurs precisely for the matrices of type IIB** and IV**. 
Let R := <F.[x,y, z,w\. In the hrst case, there exists a Z-graded structure on R given by 
the C*-action 

A * (t, I/, z, w) = (At, Ai/, z, X~‘^w) for A G C*. 

In the second case, there exists a Z-graded structure on R given by the C*-action 
A * (t, y, z, w) = (At, Xy, X~^z, X~^w) for A G C*. 

Let R = Ri be the decomposition of R according to one of these Z-gradings. Let 

be the transposed matrix. We associate to this the polynomial 

f{x,y,z,w) := 

In the hrst case, we have f E Rq = C[x^w,y^w, z, xyw]. Let 

X := x'^w, Y := y'^w, Z := z, W := xyw. 

In these new coordinates, we obtain a pair of polynomials 

fi(x, y, z, W) = XY- w^, lix, Y, z, W) = 7(X, y, z, w). 

In the second case, we have f E Rq = C[xw,yz,xz,yw]. Let 
X := xw, Y := yz, Z := xz W := yw. 


In these new coordinates, we obtain a pair of polynomials 

fi(x, y, z, w) = XY- zw, f2(x, y, z, w) = /(x, y, z, w). 

Now we choose for each of the matrices E special values Oi, 02 , 03 , 04 such that the 
corresponding polynomial F has a non-isolated singularity. We denote this polynomial 
by f. We summarize the results in Table [H 
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Type 

f 


I 

xPi -I- yP2 _ 2x^y^ 

J XV-W^ 1 

\ +Y^ + ZP^ J 

IIA 

£ii P2 + 1 

— 2x 2 y^P 2 

f XY-W^ 1 

\ xw + vS + ZP^ J 

IIB 

P3 pj P2 

xPi + yP 2 4 - yzP 2 — 2x~y~ 

J XY-W^ 1 

\ X^ + Y^Z + Z^ J 

iib“ 

PI P3 9 P3 PI 

—X 2^2 -\- -\- yz 2 — X 2 y 

J XY-ZW 1 

[ X^ + YW + Z^ J 

III 

x 92 +i^ + xi/'? 3 +i + - 2x^+^i/^+^ 

j XY-W^ 1 

[ (Vf + Vf)W + ZPi J 

IV 

P2 P3 pi +1 P2 

x^^ + xyp^ + yzP 2 — 2x 2 y^pi 

J XY-W^ 1 

[ X^W + Y^piZ + Zp 2 j 

IV“ 

pi-i ra P 3 pi+i 

—X 2 ZP2 + xy + yzP2 — x ^ y 

f XY-ZW 1 

[ X^W + YW + Zp 2 j 


Table 1. Correspondence between polynomials f and pairs of polynomials (fi,f2) 

3. Virtual singularities 

We now associate other equations to the polynomials from above. For each type, 
consider the polynomial f from Table [T] and assume that the conditions indicated in 
Tableware satished. In all cases except IIB** and IV**, the polynomial i{x,y,z) is of the 
form 

f(a^, 2/, z) = u{x, y, z) + v{x, y, z){x - y^^f 
or 

f(a;, 2/, z) = u{x, y, z) + v{x, y, z){y - x^f 

for some monomials u{x,y,z) and v{x,y,z) and some integer e > 2. We consider the 
cusp singularity i{x,y, z) — xyz and perform the coordinate change a; i—)■ x + i/® or i/ i—)■ 
?/ + X® respectively. The corresponding coordinate change is indicated in Table [H Then 
f(x, y, z) — xyz is transformed to h(x, y, z) — xyz where h(x, y, z) is indicated in the last 
column of Table [21 

By inspection of Table [21 we see that some of the polynomials h have 4 monomials 
and others only 3. We restrict our consideration to the cases where the polynomial h has 4 
monomials. These cases are listed in Table [3l The singularities defined by the polynomials 
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Type 

Conditions 

Coord, change 

\i{x,y,z) 

I 

P 2 

= 2 

, PI 

y ^ y + X ^ 

—x^^^z + y"^ + zP^ 

IIA 

P 2 

= 3 

X ^ X + y e 

—y^+^Z -\- zP^ -|- -f X^y^ 

IIA 

£3 

= 2 

P2~l 

y ^ y + X 2 

P2+I 9 

—x^~ z + zP^ + xy 

IIB 

Pi 

= 2 

, P2 

X X + y ^ 

P2ii , 9 , E2. 

—y 2 ^'-z A X yzp 2 

IIB 

P 2 

= 2 

, ri 
y ^ y + X '2 

—X 2 + y + yz ‘2 + X 2 z 2 

1—1 

HH 

td 

P 2 

= 2 

y y + X 

—X 2 + y + yz 2 X 2 y 

III 

(12 

= 2 

, '^3 

X X -\r y '2 

—y^^^z zP^ + x^y + x'^y^^^ 

IVi 

Pi 

= 3 

X ^ X + y ^ 

P2_|_1 0 rs 9 P 2 

—y 6 z - 1 - a: -|- yzP2 -f x y e 

IV2 

£2 

PI 

P 2 

_El 


PI -1 

Pl+l 0 ^3 pi-l P 3 

= 2 

y ^ y + X 2 

—X 2 z + xy + yzP2 -\- x 2 ^P2 

l-H 

< 

= 2 

pi-i 

y y + X 2 

Pl+l „ P 3 Pl + l 

—X 2 z + xy + yzP2 + x 2 y 


Table 2. Conditions and transformations 


h(a;, I/, z) will be called virtual singularities. We consider the duality between the virtual 
singularities on one side and the complete intersection singularities on the other side. 

Let 

4 

h.{x,y,z) = 

i=l 

be the polynomial dehning a virtual singularity and let Supp(h) = {{An, Ai 2 , Ai^) G 
I i = 1,... ,4}. Let Aoo(h) be the Newton polygon of h at inhnity |Koj . i.e. Aoo(h) 
is the convex closure in M"" of Supp(h) U {0}. The Newton polygon Aoo(h) has two 
faces which do not contain the origin. Call these faces Si and S 2 . Let Ik ■= {i G 
{1, ..., 4} I (Til, Ti 2 , Ais) G Sfc}, k = 1,2, and let 

hk = y^"'^ z^"^. 

iG.Ik 

Then is an invertible polynomial with a non-isolated singularity at the origin. The 
polynomials hi and h 2 are listed in Table [3l Their canonical systems of weights are 
reduced. One of the systems of weights of hi and h 2 coincides with the reduced system of 
weights of the non-degenerate invertible polynomial / we started with. Let the numbering 
be chosen that this is the system of weights of h 2 . The systems of weights are listed in 
Table H 

The dual complete intersection singularity dehned by fi = f 2 = 0 is weighted ho¬ 
mogeneous. We list the systems of weights of these complete intersection singularities in 
Table [5l It turns out that the degrees of the systems of weights of hi and h 2 coincide 
with the degrees of the two polynomials fi and f 2 respectively. 
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Type 



h2{x,y,z) 

IIA 

IIB 

IIB« 

III 

IVi 

IV2 

IV« 

P2 = 3 

P2 = 2 

P2 = 2 
5'2 = 2 

Pi = 3 
El = 2 

Pi 

El = 2 

-El _ 

—y^+^z + 2:^1 + x‘^y^ 

—X 2 + y + X ^ z ^ 

£1+1 , £3 £1 

—X 2 + yz 2 + X 2 y 

—y 2 ^'-z + z^^ + X y 2 

P2ii £3 9 P 2 

—y 6 ^'-z + yzP2 + X y s 

Pl+l 9 Pi-l £2. 

—X 2 Z + Xy + X 2 2;P2 

Pl+l P3 pi +1 

—X 2 2; + yzP 2 + X 2 y 

■Dl 1 Si 2 ^ 

ZPl _f_ 2,0 ^ g 

2 El , El El 

y + yz 2 + X 2 z 2 

2 , £3 , £1 

y + yz 2 X 2 y 

^pi _|_ 2;2y^ + l 

0 £3 9 P2 

x + yzP2 + X y 6 

9 £3 Pi-1 £2. 

xy + yzP 2 + X 2 2;P2 

9 £3 Pi+1 

xy + yzp'^ + X 2 y 


Table 3. Virtual singularities 


Type 

System of weights of hi 

System of weights of h 2 

IIA 

(pi + f,2pi-2,f+ 2;pi(f + 2)) 

(PlP3 ^ P3.P1P3\ 

\ 6 ’-^ 1 ’ 2 ’ 2 / 

IIB 

(p3-2,2f3+2|_a,2;Hfa+P3-pi) 

(P3 P1P3 P1.P1P3\ 

IIB« 

(P3 Pl 1 P3 Pl . P1P3 \ P3 I Pl 'l 
V2’2~^2’2’ 4 ' 2 ' 2 ' 

(P3 P1P3 P1.P1P3\ 

V 2 ’ 4 ’ 2 ’ 2 ' 

III 

(f + l,2pi-2,g3 + 2;pi(g3 + 2)) 

(fpi,Pi,3f+ l;pi(3f+ 1)) 

IVi 

(f + 2 ^ - 1, 22^ - 2, ff + 22i - 2) 

' 6 P2 ’ P2 ’ 3 ’ 3 P2 ' 

(P3 P3 P2 1-P3') 

^ 6 ’ P 2 ’ 2 ’ 2 / 

IV 2 

(nP3 9 P 3 P3 Pl 1 3 9 . P 3 1 P 3 91 1 11 

Gp2 4 2p2 2 2’^’ 2 P 2 

(P3 (r) 1 i P3 Pl+l.P3'| 

\p2 > lEl 2p2 ’ 2 ^ 2 ^ 

IV« 

(P3 Pl + 1 Pl + 1. P3 1 P3 1 Pl 1 ll 

V 2 ’ 2 ’ 2 ’ 4 2p2 2 2/ 

(P3 (r, DPS P 1 + 1 .P 3 '| 

Ip, ’ ^ 2 p 2 ’ 2 ’ 2 / 


Table 4. Systems of weights corresponding to the virtual singularities 


Type 

System of weights 

IIA 

IIB 

iib“ 

III 

IVi 

IV 2 

IV« 

(pi(f - 1 ), 3pi, f, f (f + 2 );pi(f + 2 ), 
(P3,^-pi,Pi,^ + f-f;^+P3-Pi,^) 

fri 1 £1 _ £3 ^ PiP3 1 £3 _ £1 - P1P3 1 £3 1 £1 PiPs\ 

v/^3? 4 2 2 ’-t 1’ 4~^2 2’4~^2~^2’2' 

(pig 3 ,2pi,3f + 1, (f + l)pi;pi(g3 + 2),pi(3f + 1)) 
m - El + 1 S^El - l) El + El - l- El + 2 ^ - 2, f) 

fPSll P3_p. P3,^_a + l-P3lP3_p ,X £31 

Vp 2 ^ ’ 2 E 1 )U 1 ) 4 W 2 p 2 2 ^ 2 ’ 2 ^ P 2 El W 1 -, 2 1 

1P3 1 1 P3 P3 1 Pl 1 „ P3 P3 PI 1 . P3 P3 PI 1 P3 1 

Ip, “P 4 2 p2 2 2’E1) 4 T 2 p, 2 2 ’ 4 2p2 2 2 ’ 2 1 


Table 5. Systems of weights of the pairs (fi,f2) 


4. Dolgachev and Gabrielov numbers 

We shall now dehne Dolgachev and Gabrielov numbers for the polynomials h and 
and the pairs of polynomials (fi, f2) occurring in our duality. 
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We first define these numbers for the pairs (fi,f 2 ). Let C be the weighted 

homogeneous complete intersection in dehned by the two equations fi(W, X, F, Z) = 
f 2 (W, X, Y, Z) = 0, where fi(W, X, F, F) = XF - or fi(lF, X, F, F) = XF - FIF. 

Definition. Let := [(X|r^ \ {0})/C*]. Then Cf^ is a smooth projective curve with 

three isotropic points of orders 01 , 02 , 03 - We call these numbers the Dolgachev numbers 
of the pair (fi, f 2 ). 

The Gabrielov numbers are dehned similarly as in the hypersurface case. We con¬ 
sider the complete intersection singularity (X', 0) dehned by 

/ fi(lF,X,F,F), 

\ f 2 (lF,X,F,F) - FIF. 

As in [ETlj one can show that one can hud a holomorphic change of coordinates such 
that the singularity (X', 0) is also given by equations of the form 

J XF - F^i - IF^h 

\ X^3 + y74 _ 

This means that (X', 0) is a cusp singularity of type ^-^ 1 , 73 , 72,74 notation of |Ell 3.1]. 

Definition. The Gabrielov numbers oi the pair (fi,f2) are the numbers ( 71 , 72; 73,74)- 


The Dolgachev and Gabrielov numbers for the pairs (fi, f 2 ) of Tabled] are indicated 
in Table El 


Type 

Dolgachev 

Gabrielov 

I 

IIA 

IIB 

IIB« 

III 

IV 

IV“ 

Pl,P2,P3 

Pl,P2, fg - Pi 

Pl,P2, [g - 1 ] Pi 
f (g-l) + g,2,f (f-l) + f 

Pi,Piq2,Piq3 

’ \P2 J ’ pi P2 

Pl-1 /^P3 1 P3 1 1 Pl + 1 f P3 1 1 

2 ’ P2 ' ’ 2 \p2 

2,2p3-2;g,f 

0 0 . Pi(P2-l) P3 

^Pl 2 ’ 2p2 

0 OP3 0 . PI Pl(P 2 -l) 

2 ’ 2 

P3 Pl . P3 Pl 

2 ’ 2 ’ 2 ’ 2 

2,2pi -2;pi,fpi 

2,2g-2;|g(pi-l),i(p2-Pi + l) 

El l(j). + Ij- £3 1P3(' _ 1) 

P2 ’ 2vnl w J-T , 2p2 vnl 


Table 6 . Pairs (fi,f 2 ): Dolgachev and Gabrielov numbers 


Now let h be the polynomial of Table El dehning a virtual singularity. The Gabrielov 
numbers of h are dehned as in |ET1] . Namely, we consider the polynomial h(a;, y, z)—xyz. 
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As in jETT] . one can show that one can hnd a holomorphic change of coordinates at the 
origin such that this polynomial becomes 

^71 _|_ ^ ^13 _ 

We dehne the Gabrielov numbers of h to be the triple ( 71 , 72 , 73 )- 

The Dolgachev numbers of the polynomial h are dehned as follows. We associated to 
h two weighted homogeneous polynomials hi and h 2 . Let i = 1,2 and let Vi := {(x, y, z) G 
I hi(x, y, z) = 0}. We consider the C*-action on Vi given by the system of weights of hj 
(see Table 0]). We consider the exceptional orbits (i.e. orbits with a non-trivial isotropy 
group) of this action. We distinguish between two cases: 

(A) Vi contains a coordinate hyperplane. 

(B) Vi does not contain a coordinate hyperplane. 

In case (A) we consider those exceptional orbits which are not contained in the coordinate 
hyperplane which is contained in Vi. In case (B) we consider those exceptional orbits which 
do not coincide with the singular locus of V^. We call these the principal orbits. It turns 
out that in all cases we have exactly two principal orbits. 

Example 3. (a) IIA {p 2 = 3): h.i{x,y,z) = —y^^^z + z^^ + x^y^ with the system of 
weights (pi + 2pi — 2, y + 2;pi (y + 2)). The exceptional orbits are: 

y = z = H singular line 

X = —y^^^z + = 0 order of isotropy group: 2 

X = z = D order of isotropy group: 2pi — 2 

(bj IV 2 (y = 2): \ii[x,y,z) = —x 2 z^-xy Vx 2 = x[—x 2 z+y +x 2 zp^) 

with the system of weights (2^ ~ 2, y — ^ — y + |, 2; ^ ^ —Pi + 1). The exceptional 
orbits not contained in the hyperplane x = 0 are: 

y = z = 0 order of isotropy group: 2— — 2 

Pl+1 Pp—1 £3. 

y = —x^~z + x^~ZP 2 = 0 order of isotropy group: 2 

Definition. The Dolgachev numbers of h are the numbers oi, 0 : 2 ; ds, 0:4 where oi, 02 and 
03 , 04 are the orders of the isotropy groups of the principal exceptional orbits of hi and 
h 2 respectively. 

We list the Dolgachev and Gabrielov numbers of the polynomials h corresponding 
to the virtual singularities in Table [71 

5. Strange duality 

Comparing Table [7] with Table |6l we obtain the following result. 




COMPLETE INTERSECTION SINGULARITIES 


13 


Type 

Dolgachev 

Gabrielov 

IIA 

IIB 

IIB» 

III 

IVi 

IV2 

IV“ 

2,2pi-2;pi,f 

9 9P3 9 . pi pi 

2 ’ 2 

P3 Pl . P3 Pl 

2 ’ 2 ’ 2 ’ 2 

2,2pi -2;pi,fpi 

2.2g-2;g4(P2-2) 
2.2f-2;if(p,-l),i(pi + l) 

td(p. + i);Sd£(pi-i) 

Pi,3, (f - 1) Pl 

pi,2, (f - 1 ) Pl 

pi,2pi,g3pi 

3 3(23 _ 1) _ P3 ^ 1 

’ ''P 2 2 ) 3 P 2 

Pi,f23 -lVi,2a-£a + l 

’ VP 2 J Pl P 2 

Pl-1 /^P3 1 lA P3 1 1 Pl + 1 f P3 1^11 

2 ’ P2 ' ’ 2 \^p 2 


Table 7. Virtual singularities: Dolgacliev and Gabrielov numbers 


Theorem 4. The Gabrielov numbers of the polynomial h corresponding to a virtual sin¬ 
gularity coincide with the Dolgachev numbers of the dual pair (fi,f 2 ) and, vice versa, 
the Gabrielov numbers of a pair (fi,f 2 ) coincide with the Dolgachev numbers of the dual 
polynomial h. 


Let /i, ..., /fc be quasihomogeneous functions on C” of degrees di, ..., dk with re¬ 
spect to weights wi, ..., Wn- Here wi, ..., Wn are positive integers with gcd(t(;i,..., Wn) = 
1, fj{\^^xi,...,\^'^Xn) = fj{xi,... ,Xn), A G C. We suppose that the equations 
/i = /2 = • • • = /fc = 0 dehne a complete intersection X in C"". There is a natural 
C*-action on the space C” dehned by A * (xi,..., Xn) = (A^'Wi,..., X’^-Xn), A G C*. 

Let A = C[a;]/(/i,..., f}f) be the coordinate ring of X. There is a natural grading 
on the ring A\ Ag is the set of functions g E A such that g{\ * x) = Xg{x). Let 
Px(t) = ^^gdimT^ • D be the Poincare series of the graded algebra A = 


has 




For 0 < j < k, let X^l be the complete intersection given by the equations /i = 
... = fj = 0 (X® = = X). The restriction of the function fj {j = 1,... ,k) 

to the variety dehnes a locally trivial hbration \ X^^'^ -E C*. Let = 

n be the (Milnor) hbre of this hbration (the hbre is not necessarily 

smooth) and (pPl : —)■ be the classical monodromy transformation of it. For a 

map ip : Z ^ Z of a topological space Z, let C<fi(t) be its zeta function 


C^it) = JJ {det (id - t • ipAH^^z.o) ] 

p>0 


(-ly 
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If, in the definition, we use the actions of the operators (p* on the homology groups 
Hp{Z] Z) reduced modulo a point, we get the reduced zeta function 

C^(^) 


ut) = 


{1-ty 


Let 


CxAt) ■■= c^u){t). 

If both Xd) and have isolated singularities at the origin then H]'L) is non¬ 

trivial only for p = n — j and therefore, if n — j > 1 , 




(- 1 )” 


= det (id-t 


(i) 


is the characteristic polynomial of the classical monodromy operator p 

One can show that = id and therefore (x j{t) can be written in the form 


ez. 

l\dj 


Following K. Saito 


, we dehne the Saito dual to Cx,j(d) to be the rational function 

= 11(1 

m\dj 


(note that different degrees dj are used for different j). 

Let \ {0})/C* be the space of orbits of the C*-action on X^^'> \ {0} and 

(k) 

Ym ^ be the set of orbits for which the isotropy group is the cyclic group of order m. Let 

Orx{t) := JJ (1 - r 

m>l 

be the product of cyclotomic polynomials with exponents corresponding to the partition of 
the complete intersection X = X^^'> into parts of different orbit types; here x(2’) denotes 
the Euler characteristic of a topological space Z. 

Let (X, 0) be the virtual hypersurface singularity dehned by h = 0 and (X, 0) be 
the dual complete intersection singularity given by the equations fi = f 2 = 0 according to 
Theorem m The function Orjj(t) is equal to the polynomial 

k=l 


where ai, 02 , 03 are the Dolgachev numbers of the pair (fi, f 2 ), see Sect. 01 

Finally, let Cx{t) be the zeta function of the monodromy at inhnity of h and 

Cxif) 


Cx(^) — 
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be the reduced zeta function of h. 

Theorem 5. Under the conditions of Table\Mwe have 

CxW = 

Proof. The zeta function Cx{t) can be computed from the Newton polygon of h at inhnity 
by lEl. From Tables lU [5l and [6] we can derive the formula. □ 

From [EGj we get the following corollary: 

Corollary 6. Under the conditions of Table\^we have 

Cx{t)=rx,iit)-VxM 

6. Examples 

Let f{x, y, z) be a weighted homogeneous polynomial with reduced system of weights 
W = {wi,W 2 ,W 3 ;d). The Gorenstein parameter aj of / is dehned to be 

Of := d — Wi — W 2 — W 3 . 

We now consider the classihcation of virtual singularities according to the Gorenstein 
parameter a/ of the non-degenerate invertible polynomial /. 

The classihcation of the non-degenerate invertible polynomials / with [Gf : Go] = 
2 and with Of < 0 can be extracted from |ET21 Table 3]. From this we derive the 
classihcation of virtual singularities given in Table El 


Type 

Pl,P2,P3 

h 

Name 

Dolgachev 

Gabrielov 

IIA 

2,3,6 

—y‘^z + z"^ + + x‘^y 

<^1,-1 

2, 2; 2,1 

2,3,2 

IIB 

2 , 2 , 2 k 

—x'^z + y"^ + yz^ + xz^ 


2,2A:- 1;1,1 

2 , 2 , 2 k -2 

IIB« 

2 , 2 , 2 k 

—x^z + y'^ + yz^ + xy 

qtt 

^2fc-l,-l 

k, 1; k, 1 

l, 2 , 2 k-l 


Table 8. Gorenstein parameter < 0 cases 


One can also classify the non-degenerate invertible polynomials with [Gf : Gq] = 2 
with Of = 0,1. It turns out that there are no such polynomials with Of = 0. The virtual 
singularities corresponding to polynomials with Of = 1 are listed in Table [9l 

I turns out that the virtual singularities with Of = 1 are exactly the virtual singular¬ 
ities corresponding to the bimodal series. According to Arnold’s classihcation there 
are 8 series of bimodal hypersurface singularities. The virtual bimodal singularities are 
dehned by setting A: = — 1 in the equations of these singularities. The names of Arnold 
are used in Table [9] and the equations for /c = — 1 are listed in Table [101 We compare 
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Type 

PuP2{q2),P3{q3) 

h 

Name 

Dolgachev 

Gabrielov 

IIA 

2,3,18 

—y'^z + + x'^y^ 

<^3,-1 

2,2;2,3 

2,3,10 

IIB 

4,2,6 

—x^z + y‘^ + yz^ + x‘^z^ 


2,4;2,2 

4,2,8 

iib“ 

4,2,6 

—x^z + y"^ + yz^ + x‘^y 


3,2;3,2 

5,2,7 

IIB 

6,2,4 

—x^z + + yz^ + x'^z^ 


2,2;3,3 

6,2,6 

iib“ 

6,2,4 

—x^z + y"^ + yz"^ + x^y 


2,3;2,3 

7,2,5 

III 

2,2,4 

—y^z + z"^ + x^y + x'^y^ 

^L-l 

2,2;2,4 

2,4,8 

IV 2 

3,6,18 

—x‘^z + xy"^ + yz^ + xz^ 

■Sti 

2,4;3,2 

3,6,4 

IV« 

3,6,18 

—x^z + xy"^ + yz^ + x'^y 


3,2;3,3 

4,4,5 

IVi 

3,12,24 

—y^z + x^ + yz^ + x'^y"^ 

Q 2 -I 

2,2;2,5 

3,3,7 

IV 2 

5,10,20 

—x^z + xy"^ + yz"^ + x^z"^ 

Si,-1 

2,2;4,3 

5,5,3 

IV| 

5,10,20 

—x^z + xy"^ + yz"^ + x^y 

ctt 

2,3;2,4 

6,3,4 


Table 9. Gorenstein parameter 1 cases 


them with our polynomials h. We also indicate the names of the dual isolated complete 
intersection singularities according to the notation of |Wa] . It turns out that these are 
exactly the singularities in the extension of Arnold’s strange duality of |EW] . 


Series 

Arnold’s equation 

Type 

h{x,y,z) 

Dual 

J3-1 

x'^ + x'^y^ + z"^ + y^ 

IIA 

x^ + x'^y^ + z^ — y'^z 

J'9 

Zi,-i 

x^y + x‘^y^ + z^^ + y^ 

III 

x^y + x'^y^ + z‘^ — y^z 

J'lO 

Q2-1 

x^ + x‘^y‘^ + yz‘^ + y^ 

IVi 

x^ + x'^y'^ + yz'^ — y^z 

J'li 


x^z"^ + y'^ + z'^ + x^ 

IIB 

x^z"^ + 2 /^ + yz"^ — x^z 

K[o 

G,-i 

{x^ + + y‘^ + x'^z 

IIB« 

x^y + y"^ + yz^ — x'^z 

Lio 

^1,-1 

xy"^ + x^z"^ + yz^ + x'^ 

IV 2 

xy'^ + x^z"^ + yz^ — x^z 

K[i 

ctt 

*^ 1-1 

x^y + xy'^ + yz"^ + x^z 

IV« 

x^y + xy"^ + yz"^ — x^z 

Lii 

Ui ,-1 

x^y + y^ + yz^ + x'^z 

IV« 

x^y + xy'^ + yz'^ — x^z 

Mn 


Table 10. Bimodal virtual singularities 


We indicate the values of the Dolgachev and Gabrielov numbers of the polynomials 
h associated to the virtual bimodal singularites and the Dolgachev and Gabrielov numbers 
of the corresponding dual pairs of polynomials dehning the isolated complete intersection 
singularities (IGIS) in Table dH 

Let h(a:, ?/, z) = 0 be the equation for one of the virtual bimodal singularities. By 
inspection, one sees that h has besides the origin an additional critical point which is of 
type Ai. Now we want to consider Goxeter-Dynkin diagrams of these singularities. Let 
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Name 

Dol(h) 

Gab(h) 

Dol(fi,f 2 ) 

Gab(fi,f 2 ) 

Dual 

<^ 3,-1 

2, 2; 2,3 

2,3,10 

2,3,10 

2, 2; 2, 3 

4 

^1,-1 

2, 2; 2,4 

2,4,8 

2,4,8 

2,2;2,4 

Jio 

Q2,-1 

2, 2; 2,5 

3,3,7 

3,3,7 

2, 2; 2, 5 

J'u 

1^1,-1 

2, 2; 3,3 

2,6,6 

2,6,6 

2, 2; 3, 3 

K[o 

G,-i 

2, 3; 2,3 

2,5,7 

2,5,7 

2, 3; 2, 3 

Lio 

5i,_i 

2, 2; 3,4 

3,5,5 

3,5,5 

2,2; 3,4 

K'n 


2, 3; 2,4 

3,4,6 

3,4,6 

2,3;2,4 

Lii 

Ui,-1 

2, 3; 3, 3 

4,4,5 

4,4,5 

2, 3; 3, 3 

Mu 


Table 11 . Strange duality of virtual bimodal singularities anc 


ICIS 


X := {{x,y,z) G | h{x,y,z) = 0}. The function h defines a locally trivial fibration 
h : \ X —)■ C*. Let V = h“^(l) fl X be the Milnor hbre of this hbration. We 

shall consider a (strongly ) distinguished basis of vanishing cycles of the homology group 
H2{y-,7j) (see e.g. |E3j L The critical points outside the origin give additional vanishing 
cycles in H2{V]7j). We dehne the Milnor number /i of X to be the rank of H 2 {V]'L). It 
is equal to the sum of the Milnor numbers of the singular points of h. It is indicated in 
Table [121 

In order to compute a Coxeter-Dynkin diagram for a distinguished basis of vanish¬ 
ing cycles we use the method of Gabrielov |Gaj . We have to consider the polar curve 
corresponding to a choice of a linear function z : —?• C. The choice of the function is 

indicated in Table [T21 The additional critical points lie on the polar curve. One can easily 
generalize the method of Gabrielov to include these additional critical points. By ina, 
one obtains an intersection matrix of a distinguished basis of h from the one of a distin¬ 
guished basis for h|^=o by the following formulas. Let (e^) (j = 1, 2 in case a), j = 1, 2, 3 
in case b) and j = 1,2, 3,4 in case c)) be a distinguished basis of corresponding 

to the Goxeter-Dynkin diagram presented in Fig. [H Let Mj be the numbers indicated 
in Table [121 Then there is a distinguished basis (e™, 1 < m < Mj) with the following 
intersection numbers 

(ef,e”?) = (e„ey), 

(e™,e™') = 1 for|m' —m| = l, 

(e™, e'p') = —{cj, Cji) for \m' — m| = 1 and {m' — m){j' — j) < 0, 

(e™, e^') = 0 for \m' — m| > 1 or {m' — m){j' — j) > 0. 















18 


WOLFGANG EBELING AND ATSUSHI TAKAHASHI 


1 



Figure 1. Coxeter-Dynkin diagrams of a distinguished basis for g\z=o 


Virtual 

Equation 

Numbers Mj 

7d72,73 

+ 

J 3-1 

+ y^ + y'^z^ — 

7+1,7 

2,3,9 +1 

15 

Zi,-i 

x^ + y^{z — y) + y'^z^ — xz^ 

5 + 1,3,5 

2,4, 7 + 1 

14 

Q 2-1 

x'^ + {z — xly"^ + x‘^z‘^ — yz^ 

2,2,4 + l,4 

3,3,6 +1 

13 

hFi,-i 

x^y + y"^ + x‘^z^ — xz^ 

5,4+ 1,4 

2, 5+ 1,6 

14 

G,-i 

x^y + y"^ + yz^ — xz"^ 

5+ 1,4,4 

2,5,6 +1 

14 

^ 1,-1 

x'^y + [z — y)y‘^ -f x'^z'^ — xz^ 

2,4, 3+ 1,3 

3,5,4 +1 

13 

ctt 

x‘^y + {z — y)y‘^ + yz^ — xz^ 

2,4 + 1, 3,3 

3,4,5+ 1 

13 

Ui,-1 

x^y + xy"^ + yz^ — x‘^z 

3,3,3 + 1,3 

4,4,4 + 1 

13 


Table 12. Coxeter-Dynkin diagrams of virtual bimodal singularities 


In Table [T21 the contribution of the additional critical points to the numbers Mj is 
indicated. By the sequences of elementary basis transformations indicated in |E2] . the 
distinguished basis (e™) can be transformed to a distinguished basis 

SI, SI,..., SI, Si..., Sl_,; SI, Si..., Sl_,; S,.„ S,) 


with a Coxeter-Dynkin diagram of the form of Fig. [2] where 71 , 72,73 are the Gabrielov 
numbers of X. We call this graph 

Now let us consider the dual pair (fi,f 2 ) and the isolated complete intersection 
singularity dehned by it. According to im Proposition 3.6.1], one can End a Coxeter- 
Dynkin diagram with respect to a distinguished basis of thimbles of the form n^ 2 ,y 2 , 73,74 
of Fig. E] where 71 , 72 ; 73,74 are the Gabrielov numbers of the pair (fi, 12 ). 
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